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a b s t r a c t
Let S = {x1, . . . , xn} be a set of n distinct positive integers. For x, y ∈ S and y < x, we
say the y is a greatest-type divisor of x in S if y | x and it can be deduced that z = y
from y | z, z | x, z < x and z ∈ S. For x ∈ S, let GS(x) denote the set of all greatest-
type divisors of x in S. For any arithmetic function f , let (f (xi, xj)) denote the n× nmatrix
having f evaluated at the greatest common divisor (xi, xj) of xi and xj as its i, j-entry and
let (f [xi, xj]) denote the n × n matrix having f evaluated at the least common multiple
[xi, xj] of xi and xj as its i, j-entry. In this paper, we assume that S is a gcd-closed set and
maxx∈S{|GS(x)|} = 1.We show that if f is a multiplicative function such that (f ∗µ)(d) ∈ Z
whenever d|lcm(S) and f (a)|f (b) whenever a|b and a, b ∈ S and (f (xi, xj)) is nonsingular,
then the matrix (f (xi, xj)) divides the matrix (f [xi, xj]) in the ringMn(Z) of n× nmatrices
over the integers. As a consequence, we show that (f (xi, xj)) divides (f [xi, xj]) in the ring
Mn(Z) if (f ∗ µ)(d) ∈ Z whenever d|lcm(S) and f is a completely multiplicative function
such that (f (xi, xj)) is nonsingular. This confirms a conjecture of Hong raised in 2004.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let S = {x1, . . . , xn} be a set of n distinct positive integers and f an arithmetic function. By (f (xi, xj)) (or abbreviated by
(f (S))) we denote the n× nmatrix having f evaluated at the greatest common divisor (xi, xj) of xi and xj as its i, j-entry and
by (f [xi, xj]) (or abbreviated by (f [S])) we denote the n× nmatrix having f evaluated at the least common multiple [xi, xj]
of xi and xj as its i, j-entry. The set S is said to be factor closed if it contains every divisor of x for any x ∈ S. The set S is said
to be gcd closed if (xi, xj) ∈ S for 1 ≤ i, j ≤ n. Clearly a factor-closed set is gcd closed but not conversely. In [26], Smith
considered the determinant of thematrix (f (xi, xj)) on a factor-closed set S. It was shown to be the product
∏n
k=1(f ∗µ)(xk),
whereµ is the Möbius function and f ∗µ is the Dirichlet convolution of f andµ. Since then many related results have been
published (see for example [1–25,27–33]).
Bourque and Ligh [6] showed that if S = {x1, . . . , xn} is factor closed and f is multiplicative and integer-valued on S
such that the matrix (f (xi, xj)) is nonsingular (i.e. (f ∗ µ)(x) is a nonzero integer for all x ∈ S), then the matrix (f (xi, xj))
divides the matrix (f [xi, xj]) in the ring Mn(Z) of n × n matrices over the integers (that is, there is an n × n matrix A with
integer entries such that (f [xi, xj]) = A(f (xi, xj)) or (f [xi, xj]) = (f (xi, xj))A, equivalently, (f [xi, xj])(f (xi, xj))−1 ∈ Mn(Z)
or (f (xi, xj))−1(f [xi, xj]) ∈ Mn(Z)). For x, y ∈ S and y < x, if y|x and the conditions y|z|x and z ∈ S imply that z ∈ {x, y},
then we say that y is a greatest-type divisor of x in S (see, for example, [10] or [12]). For x ∈ S, by GS(x) we denote the
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set of all greatest-type divisors of x in S. In [12], Hong proved that there is a gcd-closed set S with maxx∈S{|GS(x)|} = 2
such that the GCD matrix (S) does not divide the LCM matrix [S] in the ring Mn(Z). In [14], Hong proved that for any
f ∈ CS := {f |(f ∗ µ)(d) ∈ Zwhenever d|lcm(S)}, where lcm(S) means the least common multiple of all the elements
of S, the matrices (f (xi, xj)) and (f [xi, xj]) are both integer matrices. Furthermore, Hong [14] showed that (f (xi, xj)) divides
(f [xi, xj]) in the ringMn(Z) if f ∈ CS is multiplicative and S is a divisor chain. The following problem arises naturally.
Problem 1.1. Let S = {x1, . . . , xn} be a gcd-closed set withmaxx∈S{|GS(x)|} = 1 and f be amultiplicative function such that
f ∈ CS and (f (xi, xj)) is nonsingular. Does the matrix (f (xi, xj)) divide the matrix (f [xi, xj]) in the ringMn(Z)?
In [15], Hong conjectured that the answer to Problem 1.1 is affirmative if f is a completely multiplicative function. In this
paper, our main goal is to investigate the above Problem 1.1. We prove the following result.
Theorem 1.2. Let S be a gcd-closed set satisfying that maxx∈S{|GS(x)|} = 1 and f be a multiplicative function such that f ∈
DS := {f ∈ CS : f (a)|f (b) whenever a|b and a, b ∈ S} and (f (xi, xj)) is nonsingular. Then the matrix (f (xi, xj)) divides the
matrix (f [xi, xj]) in the ring Mn(Z).
Recall that a multiplicative function is said to a totient if there exist completely multiplicative functions g and h such that
f = g ∗h−1, where h−1 means the Dirichlet inverse of h [30]. From Theorem 1.2, one can see that the following result is true.
Theorem 1.3. Let S be a gcd-closed set with maxx∈S{|GS(x)|} = 1 and f be a totient such that f ∈ CS and (f (xi, xj)) is non-
singular. Then the matrix (f (xi, xj)) divides the matrix (f [xi, xj]) in the ring Mn(Z).
Note that any completely multiplicative function should be a totient. Thus by Theorem 1.3, we know immediately that
Hong’s conjecture (Conjecture 4.4 of [15]) is true.
The paper is organized as follows. In Section 2, we prove several preliminary results which will be needed for the proof
of Theorem 1.2. In Section 3, we show Theorems 1.2 and 1.3. Finally, we present in Section 4 some examples to illustrate our
main results.
2. Several lemmas
Throughout this section, we assume that S = {x1, . . . , xn} is a gcd-closed set with 1 ≤ x1 < · · · < xn and the matrix
(f (xi, xj)) is nonsingular. As usual, let |A| denote the cardinality of any finite set A.
Lemma 2.1 ([4]). Let S be a gcd-closed set and (f (xi, xj)) be nonsingular. Then the inverse of the matrix (f (xi, xj)) on S is given
as follows:
(f (xi, xj))−1 =
−
xi |xa
xj |xa
ciacja
αf ,a

with
cij =
−
dxi |xj
dxi -xb,xb<xj
µ(d)
and αf ,a being defined by
αf ,a =
−
d|xa
d-xb,xb<xa

f ∗ µ(d). (2.1)
Lemma 2.2. Let S be a gcd-closed set such that maxx∈S |GS(x)| = 1 and let αf ,m be defined as in (2.1). Then for any 2 ≤ m ≤ n,
we have
αf ,m = f (xm)− f (xm1) if GS(xm) = {xm1}.
Proof. The result follows immediately from Theorem 1.2 of [15]. 
Lemma 2.3 ([7]). Let S be a gcd-closed set and |S| ≥ 2.
(1) If m = 1, then crm = cr1 = 1 if r = 1, and 0 otherwise.
(2) If 2 ≤ m ≤ n and GS(xm) = {xm1}, then crm = −1 if r = m1, 1 if r = m, and 0 otherwise.
(3) If GS(xm) = {xm1 , xm2} and xm3 = (xm1 , xm2), then crm = −1 if r = m1 or m2, 1 if r = m or m3 and 0 otherwise.
Lemma 2.4. Let S be gcd closed and x, z ∈ S and let f ∈ DS be multiplicative. If GS(x) = {y}, then each of the following is true:
(1) If x - z, then f ((x, z)) = f ((y, z));
(2) (f (x)− f (y))|(f ([x, z])− f ([y, z])).
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Proof. Since x - z and S is a gcd-closed set, we have x ≠ (x, z) and (x, z) ∈ S. Since (x, z)|x and y is the unique greatest-type
divisor of x in S, we have (x, z)|y. Note that (x, z)|z. So we have (x, z)|(y, z). On the other hand, from y|x and (y, z)|y we
deduce that (y, z)|x. Thus we have (y, z)|(x, z). Hence (x, z) = (y, z) which implies immediately that f ((x, z)) = f ((y, z)).
So part (1) is proved.
Part (2) is clearly true if x|z. Now let x - z. Since f is multiplicative, then by part (1), we infer that
f ([x, z])− f ([y, z]) = f (x)f (z)
f ((x, z))
− f (y)f (z)
f ((y, z))
= f (z)
f ((x, z))
· (f (x)− f (y))
since f ∈ DS tells us that f (z)f ((x,z)) ∈ Z. Therefore part (2) is proved.
This completes the proof of Lemma 2.4. 
Lemma 2.5. Let S be a gcd-closed set withmaxx∈S{| GS(x) |} = 1 and f ∈ DS be multiplicative. Then all the elements of the n-th
column and the n-th row of the n× n matrix (f [S])(f (S))−1 are integers.
Proof. For all the integers i and jwith 1 ≤ i ≤ n, j = n, we have
((f [S])(f (S))−1)in =
n−
m=1
f [xi, xm]
−
xm |xa
xn |xa
cmacna
αf ,a
=
n−
m=1
f [xi, xm]cmn
αf ,n
.
Notice that |GS(xn)| = 1, we may let GS(xn) = {xn1}. It follows from the assumption f ∈ DS and Lemmas 2.2–2.4 that
((f [S])(f (S))−1)in = f [xi, xn] − f [xi, xn1 ]f (xn)− f (xn1)
∈ Z.
Hence Lemma 2.5 is true for this case.
Now let i = n, 1 ≤ j ≤ n− 1. Then
((f [S])(f (S))−1)nj =
n−
m=1
f [xn, xm]
−
xm |xa
xj |xa
cmacja
αf ,a
=
−
xj|xa
cja
αf ,a
−
xm|xa
cmaf [xm, xn].
Evidently, in order to show that ((f [S])(f (S))−1)nj is an integer, it is sufficient to prove that
1
αf ,a
−
xm|xa
cmaf [xm, xn] ∈ Z. (2.2)
If a = 1, then we have m = j = 1. Note that c11 = 1. Thus (2.2) holds if a = 1. Now let a > 1. Then |GS(xa)| = 1. Let
GS(xa) = {xa1}. Then from the assumption f ∈ DS and Lemmas 2.2–2.4, we derive that
1
αf ,a
−
xm|xa
cmaf [xm, xn] = f [xa, xn] − f [xa1 , xn]f (xa)− f (xa1)
∈ Z
as desired. So Lemma 2.5 is proved. 
Lemma 2.6. Let S be a gcd-closed set satisfying maxx∈S{|GS(x)|} = 1 and let
Sn−1 := {x1, . . . , xn−1}.
Then for any multiplicative function f ∈ DS , there exists a matrix An ∈ Mn(Z) such that (f [S]) = An(f (S)) if and only if there
exists a matrix An−1 ∈ Mn−1(Z) such that (f [Sn−1]) = An−1(f (Sn−1)).
Proof. Since S is a gcd-closed set satisfying maxx∈S{|GS(x)|} = 1 and f ∈ DS is multiplicative, by Lemma 2.5 we know that
all the elements of the n-th column and the n-th row of the n× nmatrix (f [S])(f (S))−1 are integers. So it suffices to show
that for all 1 ≤ i, j ≤ n− 1,
((f [S])(f (S))−1)ij = ((f [Sn−1])(f (Sn−1))−1)ij + an integer.
In what follows, we let 1 ≤ i, j ≤ n− 1. Define
eij =

1 if xj|xi,
0 if xj - xi.
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Then we have
((f [S])(f (S))−1)ij =
n−
m=1
f [xi, xm]
−
xm |xa
xj |xa
cmacja
αf ,a
=
n−1
m=1
f [xi, xm]
−
xm |xa
xj |xa,xa≠xn
cmacja
αf ,a
+ enj

f [xi, xn] cnncjn
αf ,n
+
n−1
m=1
f [xi, xm] cmncjn
αf ,n
enm

= (f [Sn−1])(f (Sn−1))−1ij + enjMij,
where
Mij = f [xi, xn] cnncjn
αf ,n
+
n−1
m=1
f [xi, xm] cmncjn
αf ,n
enm.
In what follows, we prove thatMij ∈ Z.
Since maxx∈S{|GS(x)|} = 1, we may let GS(xn) = {xn1}. Thus from Lemmas 2.3 and 2.4 we deduce that
Mij = f [xi, xn] − f [xi, xn1 ]f (xn)− f (xn1)
· cjn ∈ Z
as required.
The proof of Lemma 2.6 is complete. 
3. Proofs of Theorems 1.2 and 1.3
In this section, we first show Theorem 1.2.
Proof of Theorem 1.2. Let S = {x1, . . . , xn} be a gcd-closed set. As in [22,27], we define Sσ :=

xσ(1), . . . , xσ(n)

for any
permutation σ on {1, . . . , n}. Then (f [S])(f (S))−1 = P t(f [S])(f (S))−1P if P is the n× n permutation matrix whose ith row
is (0, . . . , 0, 1
σ(i)
, 0, . . . , 0)(1 ≤ i ≤ n). From this we then deduce that
(f [S])(f (S))−1 ∈ Mn(Z)⇔ (f [Sσ ])(f (Sσ ))−1 ∈ Mn (Z) .
So we can rearrange the elements of S if necessary. Without loss of generality, we may let 1 ≤ x1 < · · · < xn. We use
induction on n to show Theorem 1.2. First we show that Theorem 1.2 is true for the case n ≤ 3. The idea is similar as that of
proof of Theorem 3.2(i) of [33]. But for the completeness, we still include the details here.
Let n = 1. It is clear that the statement is true.
Let n = 2. Since S = {x1, x2} is gcd closed, one has (x1, x2) = x1. One then has x1|x2. So [x1, x2] = x2. It follows that
(f [S])(f (S))−1 =

f (x1) f (x2)
f (x2) f (x2)

f (x1) f (x1)
f (x1) f (x2)
−1
=
 0 1f (x2)
f (x1)
0
 .
Since f ∈ DS and x1|x2, we have f (x1)|f (x2). Then (f [S])(f (S))−1 ∈ M2(Z). Thus the statement for the case n = 2 is
true.
Let n = 3. Since S = {x1, x2, x3} is gcd closed, one has x1|xi for i = 2, 3 and (x2, x3) = x1 or x2. Consider the following
two cases:
Case I. (x2, x3) = x1. Since f is multiplicative, we have f ([x2, x3]) = f (x2)f (x3)f (x1) . One then has
(f [S])(f (S))−1 =
f (x1) f (x2) f (x3)f (x2) f (x2) f ([x2, x3])
f (x3) f ([x2, x3]) f (x3)
f (x1) f (x1) f (x1)f (x1) f (x2) f (x1)
f (x1) f (x1) f (x3)
−1
=

f (x1) f (x2) f (x3)
f (x2) f (x2)
f (x2)f (x3)
f (x1)
f (x3)
f (x2)f (x3)
f (x1)
f (x3)

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×

1
f (x1)
− 1
f (x1)− f (x2) −
1
f (x1)− f (x3)
1
f (x1)− f (x2)
1
f (x1)− f (x3)
1
f (x1)− f (x2) −
1
f (x1)− f (x2) 0
1
f (x1)− f (x3) 0 −
1
f (x1)− f (x3)

=

−1 1 1
0 0
f (x2)
f (x1)
0
f (x3)
f (x1)
0
 .
Since f ∈ DS together with (x2, x3) = x1 implying that f (x1)|f (xi) for i = 2 and 3, then in this case we have (f [S])
(f (S))−1 ∈ M3(Z). Thus the statement in this case is true.
Case II. (x2, x3) = x2. Then x2|x3 and [x2, x3] = x3. So one has
(f [S])(f (S))−1 =
f (x1) f (x2) f (x3)
f (x2) f (x2) f (x3)
f (x3) f (x3) f (x3)
f (x1) f (x1) f (x1)
f (x1) f (x2) f (x2)
f (x1) f (x2) f (x3)
−1
=

0 0 1
f (x2)
f (x1)
−1 1
f (x3)
f (x1)
0 0
 .
Since f ∈ DS together with x1|xi implying that f (x1)|f (xi) for i = 2 and 3, we have (f [S])(f (S))−1 ∈ M3(Z). Then the
statement in this case follows immediately.
Now let n ≥ 4. Assume that the statement is true for the n−1 case. In the following,we show that the statement is true for
the n case. Since S is a gcd-closed set with maxx∈S{|GS(x)|} = 1 and 1 ≤ x1 < · · · < xn, the set Sn−1 := {x1, . . . , xn−1} is also
a gcd-closed set satisfyingmaxx∈Sn−1{|GSn−1(x)|} = 1. By the inductive hypothesis, we have (f [Sn−1])(f (Sn−1)−1 ∈ Mn−1(Z)).
Since f ∈ DS , by Lemma 2.6 we have (f [S])(f (S))−1 ∈ Mn(Z). Therefore the result is true for the n case. So Theorem 1.2 is
proved. 
Finally, we can prove Theorem 1.3 as follows.
Proof of Theorem 1.3. For any positive integers a, b ∈ S with a|b, since f ∈ CS , we have that f (a), f (b) and f
 b
a

are
all integers. It then follows immediately from Corollary 3 of [8] that f (a)|f (b). Therefore by Theorem 1.2, we know that
Theorem 1.3 is true. 
4. Examples
In this section, we give several examples to demonstrate our main results.
Example 4.1. Let S = {1, 2, 3, 9, 10} and let e ∈ Z+ be any given integer. Let Je := ξe ∗ µ be the Jordan totient function,
where ξe is defined for any positive integer n by ξe(n) := ne. Then Je(1) = 1 and for any integer n > 1, Je(n) = ne∏p|n
1− 1pe

. It is easy to see that S is gcd closed and Je is a multiplicative function such that Je(a)|Je(b) for any positive integers
a and bwith a|b. Then we have
(Je(xi, xj)) =

1 1 1 1 1
1 e1 1 1 e1
1 1 e2 e2 1
1 1 e2 3ee2 1
1 e1 1 1 e1e3

and
(Je[xi, xj]) =

1 e1 e2 3ee2 e1e3
e1 e1 e1e2 3ee1e2 e1e3
e2 e1e2 e2 3ee2 e1e2e3
3ee2 3ee1e2 3ee2 3ee2 3ee1e2e3
e1e3 e1e3 e1e2e3 3ee1e2e3 e1e3
 ,
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where e1 = 2e−1, e2 = 3e−1 and e3 = 5e−1. It is obvious thatmaxx∈S{|GS(x)|} = 1 and thematrix (Je(xi, xj)) is nonsingular.
So by Theorem 1.2, we have that (Je(xi, xj))|(Je[xi, xj]). Actually, one can easily check that (Je[xi, xj]) = A(Je(xi, xj)), where
A =

−1 0 0 1 1
0 −1 0 e1 1
0 0 −1 1 e2
0 0 0 0 3ee1
0 0 0 e1e3 0
 ∈ M5(Z).
Example 4.2. Let S = {1, 2, 3, 15} and λ be the Liouville function which is defined by λ(1) = 1 and λ(p1α1 . . . prαr ) =
(−1)α1+···+αr for any distinct prime numbers p1, . . . , pr and for any positive integers α1, . . . , αr . Then S is gcd closed and λ
is completely multiplicative and
(λ(xi, xj)) =
1 1 1 11 −1 1 11 1 −1 −1
1 1 −1 1
 and (λ[xi, xj]) =
 1 −1 −1 1−1 −1 1 −1−1 1 −1 1
1 −1 1 1
 .
It is clear that maxx∈S{|GS(x)|} = 1 and the matrix (λ(xi, xj)) is nonsingular. Thus Theorem 1.3 tells us that (λ(xi, xj))|
(λ[xi, xj]). In fact, we can easily check that (λ[xi, xj]) = B(λ(xi, xj)), where
B =
−1 1 0 10 0 0 −10 −1 −1 1
0 1 0 0
 ∈ M4(Z).
In concluding this paper, we point out that Theorem 1.2 may still be true if the condition that (f (xi, xj)) is nonsingular
is not satisfied. In other words, the following example shows that there are multiplicative functions f and gcd-closed sets S
with maxx∈S{|GS(x)|} = 1 such that (f (xi, xj)) is singular and the conclusion of Theorem 1.2 is still valid.
Example 4.3. Let S = {1, 2, 3, 15} and ϕ be Euler’s totient function. Then ϕ is multiplicative and
(ϕ(xi, xj)) =
1 1 1 11 1 1 11 1 2 2
1 1 2 8
 and (ϕ[xi, xj]) =
1 1 2 81 1 2 82 2 2 8
8 8 8 8
 .
Evidently, maxx∈S{|GS(x)|} = 1 and the matrix (ϕ(xi, xj)) is singular. One can easily check that (ϕ[xi, xj]) = C(ϕ(xi, xj)),
where
C =
0 0 1 40 0 1 40 0 −1 0
1 1 1 0
 ∈ M4(Z).
So we have (ϕ(xi, xj))|(ϕ[xi, xj]).
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